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η0 = y0 �� k = 0!� "� # �$�%&� �

ηk+1 = ηk +hf(xk,ηk),

xk+1 = xk +h.�' � � ��� �
k = k +1 �� ( �& � �� � %&$)�� � " !
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�� � � ��� �
η0 = y0 �� k = 0!� "� # �$�%&� �

ηk+1 = ηk +hΦ(xk,ηk;h)

xk+1 = xk +h.�' � ��� �
k = k +1 �� ( �& � �� � %&$)�� � " !
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�� ��) �)� �� � � )�  �$ � 	�� )� ����	$ ���( p
��� 
����

 �� ��

y′ = f(x,y), y(x0) = y0

( �( ���� !�� � �& �� �$�� � %&$)��� �)��
H �� �)� � �� �$$�)%& �� ������)(� �)� ε !� "� # �$�%&� � � )�  �� ( �( ���� �� �� �  )� ��) �� � �& ��$��( ��

η(x0+H;H), η(x0+H;H/2).

�' � # �$�%&� �

H

h
=

p+1

√

2p

2p−1

∥

∥η(x0+H;H)−η
(

x0+H; H
2

)∥

∥

ε
.

�� � �� �
H/h À 2� � 	 ���� �

H = 2h �� ( �& � �� � %&$)��
� " !

�
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�� � � ��� �

x0 = x0+H,

y0 = η

(

x0+h;
H

2

)

,

H = 2h

�� ( �& � �� � %&$)�� � " !
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 �

�� ��)�� �� �) �� � � )�  �� � 	�� )� ����	$ ���( �� p �� 
p+1

��� 
����  �� ��

y′ = f(x,y), y(x0) = y0

( �( ���� !�� � �& �� �$�� � %&$)��� �)��
H �� �)� � �� �$$�)%& �� ������)(� �)� ε !� "� # �$�%&� � � )� �)� �� �� �  )� � �& �$��( ��

η1(x0+H;H), η2(x0+H;H).

�' � # �$�%&� �

H

h
=

p+1

√

‖η1(x0+H;H)−η2(x0+H;H)‖
ε

.

�� � �� �
H/h À 2� � 	 ���� �

H = 2h �� ( �& � �� � %&$)��
� " !

�
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x0 = x0+H,

y0 = η2(x0+H;H),

H = 2h

�� ( �& � �� � %&$)�� � " !
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Qn(f) = (b−a)
n

∑
i=0

wif(a+ϑi(b−a))

�)� ��� $���$��$� �&$�� � )�  �� �� �� �& �)��($� q
���

��& �$��(�� �)��� # �$�%&� �� �	�

I(f) =

b
∫

a

f(x)dx

( �( ���� !�� � �& �� �$�� �%&$)��� �)��
H <

= b−a �� �)� � �� �$�
$�)%& �� � �����)(� �)� ε !� ��� �

x0 = a� η0 = 0 �� k = 0!� "� ��� �� xk = b
�	 ���� �

I(f) = ηk ! � �	��





� �����
�' � # �$�%&� �  )� � �& �$��( ��

η̄k+1 = ηk +H
n

∑
i=0

wif(a+ϑiH)

�� 

η̂k+1 = ηk +
H

2

n

∑
i=0

wif

(

a+ϑi

H

2

)

+
H

2

n

∑
i=0

wif

(

a+
H

2
+ϑi

H

2

)

.

�� � # �$�%&� �

H

h
=

q+2

√

2q+1

2q+1−1
‖η̄k+1− η̂k+1‖

ε
.

�� � �� �
H/h À 2� � 	 ���� �

H = 2h �� ( �& � �� � %&$)��
�' !
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xk+1 = xk +H,

ηk+1 = η̂k+1,

H = min{2h,b−xk+1},
k = k +1

�� ( �& � �� � %&$)�� � " !
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q sβqi s � �	
�
�

0 1 1 1

1 3 −1 2 2

2 23 −16 5 12 3

3 55 −59 37 −9 24 4

4 1901 −2774 2616 −1274 251 720 5
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 ���	�
 �

q sβqi s � �	
�
�

0 2 1 2

1 2 0 1 2

2 7 −2 1 3 3

3 8 −5 4 −1 3 4

4 269 −266 294 −146 29 90 5
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 �

q sβqi s � �	
�
�

0 2 1 1

1 0 2 1 2

2 1 4 1 3 4

3 1 4 1 0 3 4

4 29 124 24 4 −1 90 5
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�� � �& �� � ��$�� �$�
η

(0)
p+1 �� ���� �

ν = 0! # �$�%&� � � �$
 ��
• ���	
 ������� � ��$� �&$��

% = ηp +h
[

βq1fp +βq2fp−1+ · · ·+βqqfp−q

]

• ����� � ��$� �&$��
% = ηp−1+h

[

βq1fp +βq2fp−1+ · · ·+βqqfp−q

]

� "� # �$�%&� �

η
(ν+1)
p+1 = %+hβq0f(xp+1,η

(ν)
p+1).

�' � � ��� �
k = k +1 �� ( �& � �� � %&$)�� � " !
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 ����

�� )� � � �$  )� � ��� ��
x

�)� � � �& �$��(� �����(  �� ��

y′ = f(x,y), y(x0) = y0

�� ��$�%&� �� !�� � �& �� �)� n� ���� � h = (x−x0)/n �� 
η0 = η(x0;h) = y0,

η1 = η(x1;h) = y0+hf(x0,y0).

� "� ��$
k = 1,2, . . . ,n−1

��$�%&� �

ηk+1 = ηk−1+2hf(xk,ηk), xk+1 = xk +h.

�' � # �$�%&� �

η̃(x;h) =
1
2

[

ηn +ηn−1+hf(xn,ηn)
]

.
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�� � �& �� �$�� � %&$)��� �)��
H �� �)� � �� �$$�)%& �� ������)(� �)� ε !� ��� �

x = x0+H � h0 = H/2 �� k = 0!� "� # �$�%&� � � )�  �$ � %&$)��� �)��
hk

�)� � ����� �
�%& �

� �& �$��(
T k0 = η̃(x;hk).

�' � ��$
l = 1, . . . ,k

��$�%&� �

T k,l = T k,l−1+
T k,l−1−T k−1,l−1

(

hk−l

hk

)2
−1

.

�� � �) ��

‖T k,k−T k,k−1‖ <
= ε,

�	 ���� �
y0 = η(x) = T k,k � x0 = x �� ( �& � ��� %&$)�� �� !�� � � ��� �

hk+1 = hk/2 �� k = k + 1! ��& � �� � %&$)��
� " !
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��( ���� ��)  �� ��

y′ = f(x,y), r(y(a),y(b)) = o.

�� � # �� �)�� �  �� � �$�� ���$
s

�	�  ���  )� 
����(
y(x;s)  �� ��

y′ = f(x,y), y(a) = s

 )� ��� �� )�(��( ��
r(y(a;s),y(b;s)) = r(s,y(b;s)) = o.

�$� � � ��!
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 ��� ��
 �� �� �� 
 � �

��( ���� ��)  �� ��

y′ = f(x,y), r(y(a),y(b)) = 0.

��$ �)� �� ( �� )���� � �$�� ���$
s
��)

y(x;s)  )� 
����(
 �� ��

y′ = f(x,y), y(a) = s.

�)��$&)� ��) �)� � ���� �)	� F ( ����

F (s) = r(s,y(b;s))

 �� �)�$�! ��( ���� ��)�� �$��
s0 �� t0

� )�

F (s0)F (t0) < 0.

�� � � ��� �
k = 0!

�




� ����
� "� � ��� �

c = (sk + tk)/2 �� ��$�%&� �  )� 
����(  ����

y′ = f(x,y), y(a) = c

��  �$ � ��� ��
x = b !�' � # �$�%&� � d = F (c) !�� � ��$

d ·F (sk)







> 0 sk+1 = c, tk+1 = tk,
= 0 s∗ = c,

� �	��
,

< 0 sk+1 = sk, tk+1 = c.

�� � � ��� �
k = k +1 �� ( �& � �� � %&$)�� � " !
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� �

�� � �& ��
s0 �� ���� �

k = 0!� "� # �$�%&� � � )� � ����  )� 
����( �� y(b;sk) �� 
v(b;sk)  �$ ��

y′ = f(x,y), y(a) = sk

�� v′ = fy(x,y)v, v(a) = 1 ��  �$ � ��� ��
x = b !�' � # �$�%&� � F (sk) = r(sk,y(b;sk)) !�� � # �$�%&� �

F ′(sk) = ru(sk,y(b;sk))+rv(sk,y(b;sk))v(b;sk).

�� � # �$�%&� � sk+1 = sk− F (sk)
F ′(sk).� ��� �

k = k +1 �� ( �& � �� � %&$)�� � " !

� �
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 ��� ��
 �� �� �� 
 � �

�� � �& ��
s0 �� ���� �

k = 0!� "� # �$�%&� �  )� 
����( y(b;sk)  �� ��

y′ = f(x,y), y(a) = sk

��  �$ � ��� ��
x = b !�' � �& �� �)� ∆sk �� ��$�%&� �  )� 
����( y(b;sk +

∆sk)  �� ��

y′ = f(x,y), y(a) = sk +∆sk

��  �$ � ��� ��
x = b !�� � # �$�%&� � F (sk) = r(sk,y(b;sk)) �� 

F (sk +∆sk) = r(sk +∆sk,y(b;sk +∆sk)).

�� � # �$�%&� �

D∆sk
F (sk) =

F (sk +∆sk)−F (sk)

∆sk

.

��
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�� � # �$�%&� �

sk+1 = sk−
F (sk)

D∆sk
F (sk)�� � � ��� �

k = k +1 �� ( �& � �� � %&$)�� � " !
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� �
�
 ��
 � �

�� � �& ��
s(0) �� ���� �

k = 0!� "� # �$�%&� �  )� 
����( y(b;s(k))  �� ��

y′ = f(x,y), y(a) = s(k)

��  �$ � ��� ��
x = b !�' � �& �� �)�

∆s(k) = (∆s
(k)
1 , . . . ,∆s(k)

n )T

�� ��$�%&� � � �$ i = 1, . . . ,n  )� 
����( ��
y(i) = y(b;s(k) +∆s

(k)
i ei)

 �$ ��

y′ = f(x,y), y(a) = s(k) +∆s
(k)
i ei

��  �$ � ��� ��
x = b !

��



� ����
�� � # �$�%&� �

F
(

s(k)
)

= r
(

s(k),y
(

b;s(k)
))

�� � �$ i = 1, . . . ,n

F
(

s(k) +∆s
(k)
i ei

)

= r
(

s(k) +∆s
(k)
i ei,y

(i)
)

.

�� � # �$�%&� � � �$ i = 1, . . . ,n

D
∆s

(k)
i

F (s(k)) =
F (s(k) +∆s

(k)
i ei)−F (s(k))

∆s
(k)
i

.

�� � � ��� �

D∆s(k)F (s(k)) =
(

D
∆s

(k)
1

F (s(k)), . . . ,D
∆s

(k)
n

F (s(k))
)

.

�� � 
���  �� �)� ��$� ���)%&��(���� ���

D∆s(k)F (s(k))d(k) = F (s(k)).

�� � � ��� �
s(k+1) = s(k)−d(k).
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k = k +1 �� ( �& � �� � %&$)�� � " !
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b δb
‖δb‖
‖b‖

x δx
‖δx‖
‖x‖

‖δx‖‖b‖
‖x‖‖δb‖

(

1.00
0.99

) (

0
10−5

)

≈ 5 ·10−6
(

1
0

) (

0.099
0.100

)

≈ 0.2 39601

(

−1
1

) (

10−5

0

)

≈ 5 ·10−6
(

19700
−19900

) (

−0.0998
0.0990

)

≈ 5 ·10−6 0.995
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b x δx
‖δx‖
‖x‖

‖δx‖‖b‖
‖x‖‖δb‖

(

1
1

) (

100
−100

) (

24.75
−25.00

)

≈ 0.24875 ≈ 25000

(

−1
1

) (

19700
−19900

) (

4925.25
−4975.00

)

≈ 0.2500 ≈ 25000

�
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b x δx
‖δx‖
‖x‖

‖δx‖‖b‖
‖x‖‖δb‖

(

1
1

) (

100
−100

) (

0
0

)

0 0

(

−1
1

) (

19700
−19900

) (

−0.2
0.2

)

≈ 10−5 ≈ 0.5
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� �����
LU

��
 �
� ��� � �� 
� � �� ��
�
�
 �
 ������	

�� )� �  )� $�(� ��$� (n,n)
�� ��$)� A

)� �)� � $	 �� � PA =
LU

� )� �)� �$ � �$� ����)	��� ��$)� P � �)� �$ ����$��� )�� $�)�%��� ��$)� L �� �)� �$ 	��$�� � $�)�%��� ��$)�
U

�� � �$ ��( �� ! � )� � �$� ����)	��� ��$)� P
��)  ���) ����)� �� ��� p  �$ 
��( � n ( ��� �)%& �$�!���)�)��)� )�$��(����

i = 1 	� n 
�
p(i) = i��
����

LU
� �$ ��(��(����

j = 1 	� n−1 
��� )�	���%& ���& �� �)� �� �� ��

i∗ ∈ { i | aij 6= 0, i = j, . . . ,n } .

� �)�������%&���
i∗ 6= j 	� ��
pp = p(i∗)� p(i∗) = p(j)� p(j) = pp

� �



� ��������
k = 1 	� n 
�

aa = ai∗k � ai∗k = ajk � ajk = aa��
�����
����$���� 	$���)	�  �$ ��� ����$)�����
i = j +1 	� n 
�

aij = aij/ajj���
k = j +1 	� n 
�

aik = aik−aij ·ajk��
�����
�����
��������� � ∼n3/3
�   )�)	����� � ��)� �)���)	���

��
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����� ���� ���� ���� �� � �
 � 
� � �� ��
�

�
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 ������	

�� )� �  �� �)� ��$� ���)%&��(���� ��� Ly = Pb
� )�  �$$�(� ��$�� ����$�� � )�� $�)�%��� ��$)� L�  �$ � �$� �����)	��� ��$)� P �� �)� �� ���)��)( �� ��� �	$ b ∈ R

n ������� ! � )� � ��$)� L
)� � ���  �� ����$�� � $�)�%�  �$ � ���$)�

A�  )� � �$� ����)	��� ��$)� )� � ��� �)� �� ��� p  �$
��( � n ( ��� �)%& �$�!���
j = 1 	� n 
�

yj = bp(j)��
������
j = 1 	� n 
����

i = 1 	� j−1 
�
yi = yi−aij ·yj��
�����
��������� � ∼n2/2

�   )�)	����� � ��)� �)���)	���

��



� �����
��������� ���� �� � �
 � 
� � �� ��
�

�
 �
 ������	

�� )� �  �� �)� ��$� ���)%&��(���� ��� Ux = y
� )�  �$ $��

(� ��$�� 	��$�� � $�)�%��� ��$)� U �� �)� �� ���)��)( ����� �	$ y ∈ R
n �� ����� ! � )� � ��$)� U

)� � ���  �� 	���
$�� � $�)�%�  �$ � ��$)� A ( ��� �)%& �$�!���

j = n 	� 1 � 	�� −1 
�
xj = yj/ajj���

i = 1 	� j−1 
�
yi = yi−aij ·xj��
�����
��������� � ∼n2/2

�   )�)	����� � ��)� �)���)	���

��



� �
��

LU

��
 �
� ��� � �� � �� ��
�
�
 �
 ������	

�� )� �  )� $�(� ��$� � ��$)� A
)� �)� � $	 �� � PA = LU� )� �)� �$ � �$� ����)	��� ��$)� P � �)� �$ ����$�� � )���

 $�)�%��� ��$)� L �� �)� �$ 	��$�� � $�)�%��� ��$)� U
��� �$ ��( �� ! � )� � �$� ����)	��� ��$)� P

��)  ���) ��� �)� ����� p  �$ 
��( � n ( ��� �)%& �$�!���)�)��)� )�$��(����
j = 1 	� n 
�

p(i) = i��
����
LU

� �$ ��(��(����
j = 1 	� n−1 
��� )�	���%& ���& �� �)� �� �� ��

i∗ ∈
{

i
∣

∣ ap(i),j 6= 0, i = j, . . . ,n
}

.

�� )� �)��$  �) �������%&���
i∗ 6= j 	� ��
pp = p(i∗)� p(i∗) = p(j)� p(j) = pp

��
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i = j +1 	� n 
�
ap(i),j = ap(i),j/ap(j),j���

k = j +1 	� n 
�
ap(i),k = ap(i),k−ap(i),j ·ap(j),k��
�����
�����
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�� )� �  �� �)� ��$� ���)%&��(���� ��� Ly = Pb
� )�  �$$�(� ��$�� ����$�� � )�� $�)�%��� ��$)� L�  �$ � �$� �����)	��� ��$)� P �� �)� �� ���)��)( �� ��� �	$ b ∈ R

n ������� ! � )� � ��$)� L
)� � ���  �� ����$�� � $�)�%�  �$ � ���$)�

PA�  )� � �$� ����)	��� ��$)� )� � ��� �)� �� ��� p

 �$ 
��( � n ( ��� �)%& �$�!���
i = 1 	� n 
�

yi = bp(i)���
j = 1 	� i−1 
�

yi = yi−ap(i)j ·yj��
�����
��������� � ∼n2/2
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�� )� �  �� �)� ��$� ���)%&��(���� ��� Ux = y
� )�  �$ $��

(� ��$�� 	��$�� � $�)�%��� ��$)� U �� �)� �� ���)��)( ����� �	$ y ∈ R
n �� ����� ! � )� � ��$)� U

)� � ���  �� 	���
$�� � $�)�%�  �$ � ��$)� A ( ��� �)%& �$�!���

j = n 	� 1 � 	�� −1 
�
xj = yj/ap(j)j���

i = 1 	� j−1 
�
yi = yi−ap(i),j ·xj��
�����
��������� � ∼n2/2
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�� )� �  )� $�(� ��$� � ��$)� A
)� �)� � $	 �� � PA = LU� )� �)� �$ � �$� ����)	��� ��$)� P � �)� �$ ����$�� � )���

 $�)�%��� ��$)� L �� �)� �$ 	��$�� � $�)�%��� ��$)� U
��� �$ ��( �� ! � )� � �$� ����)	��� ��$)� P

��)  ���) ��� �)� ����� p  �$ 
��( � n ( ��� �)%& �$�!���)�)��)� )�$��(��& �� �)� � �����)(� �)���%&$��� � ε > 0!���
i = 1 	� n 
�

p(i) = i� di = 0���
j = 1 	� n 
�

di = di + |aij|��
�����
����
LU

� �$ ��(��(����
j = 1 	� n−1 
��� )�	���%& ��

piv = 0���
k = j 	� n 
�

�




� ����� ���
dj|akj| > piv 	� ��
piv = dj|akj|
i∗ = k��
����
�����

piv <
= ε 	� ��� �	��

��
���� )� �)��$  �) �������%&���
i∗ 6= j 	� ��
pp = p(i∗)� p(i∗) = p(j)� p(j) = pp��
����$���� 	$���)	�  �$ ��� ����$)�����

i = j +1 	� n 
�
ap(i),j = ap(i),j/ap(j),j���

k = j +1 	� n 
�
ap(i),k = ap(i),k−ap(i),j ·ap(j),k��
�����
�����
��������� � ∼n3/3
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LDLT
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� )� � $�( ��$�� ���� ��$)�%& � � ��$)� A
� )$ )� �)� � $	�

 �� � A = LDLT � )� �)� �$ ����$�� � )�� $�)�%��� ��$)�
L �� �)� �$ � )�( 	���� ��$)� D

� �$ ��( �! �	�  �$ � ��$)�
A

)� � ��$  �� 	��$� � $�)�%� �)��%& �)�� �)%&  �$ � )�( 	������ ( ��� �)%& �$�!���)�)��)� )�$��(��& �� �����)(� �)���%&$��� � ε > 0!��
LDLT

� �$ ��(��(�����
k = 1 	� n−1 
��� |akk| <

= ε 	� ��� �	��
��
����$���� 	$���)	�  �$ ��� ����$)�����

i = k +1 	� n 
�
l = aki/akk���

j = i 	� n 
�
aij = aij − l ·akj��
���

aki = l��
���
� �
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LDLT

��
 �
� ���

�� )� �  �� �)� ��$� ���)%&��(���� ��� Ax = b
� )�  �$ $��

(� ��$�� ���� ��$)�%& �� � ��$)� A
�� ����� ! �	�  �$ � ���$)�

A
��) �)� �  �$ ��(��(  �$ �	$�

A = LDLT � )�
�)� �$ ����$�� � )�� $�)�%��� ��$)� L �� �)� �$ � )�( 	����� ��$)� D

�������! � ���) )� �  )� � ��$)� LT ���  �� 	���
$�� � $�)�%�  �$ � ��$)� A ��  )� � )�( 	���� ��$)� D ���
 �$ � )�( 	����  �$ � ��$)� A ( ��� �)%& �$�!�

Ly = b��
b
� )$ � )�

y
� ��$�%&$)���� !����

k = 1 	� n−1 
����
i = k +1 	� n 
�

bi = bi−aki · bk��
�����
����
Dz = y��
y

� ��& � ���  �� �� �)%& �$� ���� �	� b �� � )$ � )�
z� ��$�%&$)���� !����

i = 1 	� n 
�
��



� ������
bi = bi/aii��
����

LTx = z��
z

� ��& � ���  �� �� �)%& �$� ���� �	� b �� � )$ � )�
x� ��$�%&$)���� !����

k = n 	� 2 � 	�� −1 
����
i = 1 	� k−1 
�

bi = bi−aik · bk��
�����
��������� � ∼n2 �   )�)	����� � ��)� �)���)	���
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�� )� �  )� ���� ��$)�%& �� � 	� )�)�  �� �)�� � ��$)� A
)� �)�� $	 �� � A = L̂L̂

T � )� �)� �$ ����$�� � $�)�%��� ��$)� L̂�� � �$ ��( �� ! �	�  �$ � ��$)� A
� )�  ��$  �� ����$� � $�)�

�%� ��  )� � )�( 	���� ( ��� �)%& �$�!���)�)��)� )�$��(��& �� �����)(� �)���%&$��� � ε > 0!� �$ ��(��(����
k = 1

�	
n 
���

akk
<
= ε 	� ��� �	��

��
��
akk =

√
akk��$���� 	$���)	�  �$ ��� ����$)�����

i = k +1
�	

n 
�
aik = aik/akk��
������

i = k +1
�	

n 
����
j = i

�	
n 
�

aij = aij − l ·ajk��
���
��
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 ���
 � ���	
 ����
 �����

�� ��) �)� ��� �	$ a ∈ R
k ( �( ���� !�� � # �$�%&� � % =

√
aTa = ‖a‖2 !� "� ��

% = 0 � ��� H = I
�	
���

�' � ��
a1 > 0 � ��� % = −% !# �$�%&� � v = a−%e1 �� γ = %(%−a1) !

� )� � ��$)� H = I−vvT/γ
)� �  ��� 	$�&	( 	��� �� �� ( )��

Ha = %e1.

������ � ∼n
�  )�)	����� � ��)� �)���)	��� � �)� � ����

 $����$� ��!
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��( ���� ��) �)� � ��
������� �� ��$)�

H = I −vvT/γ ∈ R
k.

� ��$�%&� �� )� � � �$ �)� �� ��� �	$ x ∈ R
k  �$ ��� �	$

y = Hx.

�� � # �$�%&� � β = vTx/γ !� "� # �$�%&� � y = x−βv������ � ∼2n
�   )�)	����� � ��)� �)���)	��� !

��



� ������

QR
��
 �
� ��� 
 ��
 � ��� ��� ���	

������� ����

�� )� �  )� $�(� ��$� (n,n)
�� ��$)� A

)� �)� � $	 �� � A =
QR

� )� �)� �$ 	$�&	( 	����� � ��$)� Q �� �)� �$ 	��$��
� $�)�%��� ��$)� R

�� � �$ ��( �� !���)�)��)� )�$��(��& �� �)� � �����)(� �)���%&$��� � ε > 0!�
QR

� �$ ��(��(����
k = 1

�	
n−1 
��# �$�%&� ��  �$ �$���� 	$���)	��� ��$)� H (k)��

%k =
√

a2
kk +a2

k+1,k + · · ·+a2
nk��

%k
<
= ε 	� ��� �	��

��
����
akk > 0 	� ��
%k = −%k��
��

akk = akk−%k

γk = −%k ·akk��$���� 	$���)	�  �$ ��� ����$)�����
j = k +1

�	
n 
�

�




� ������

β = 0���
i = k

�	
n 
�

β = β +aik ·aij��
���
β = β/γk���

i = k
�	

n 
�
aij = aij −β ·aik��
�����
�����
���

%n = ann������ � ∼2n3/3
�   )�)	����� � ��)� �)���)	��� � n ����
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QR

��
 �
� ���

�� )� �  �� ���)%&��(���� ��� Ax = b
�� ����� !��$  )� � ��$)� A

��$ � � )� 	�)( �� � �( 	$)�&� �� �)� �
QR

� �$ ��(��( ��$�%&� ��!�# �$�%&� �� �	� c = QTb����
k = 1 	� n−1 
�

β = 0���
i = k 	� n 
�
β = β + bi ·aik��
���

β = β/γk���
i = k 	� n 
�
bi = bi−β ·aik��
�����
����
���� �	� Rx = c����

k = n 	� 1 � 	�� −1 
����
i = k +1 	� n 
�
bk = bk− bi ·aki��
���

� �
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�� )� �  �� ���)%&��(���� ��� Ax = b
�� ����� ! ��$  )�� ��$)� A ∈ R

n×n ( ����

aii 6= 0, i = 1, . . . ,n.

�� � �& �� �)� �� � ��$���� �	$ x(0) ∈ R
n×n �� ���� �

i =
0!� "� # �$�%&� ����

k = 1 �� n ��

x
(i+1)
k =

1
akk






bk−

n

∑
j=1
j 6=k

akjx
(i)
j
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�� )� �  �� ���)%&��(���� ��� Ax = b
�� ����� ! ��$  )�� ��$)� A ∈ R

n×n ( ����

aii 6= 0, i = 1, . . . ,n.

�� � �& �� �)� �� � ��$���� �	$ x(0) ∈ R
n×n �� ���� �

i =
0!� "� # �$�%&� ����

k = 1 �� n ��

x
(i+1)
k =

1
akk

(

bk−
k−1

∑
j=1

akjx
(i+1)
j −

n

∑
j=k+1

akjx
(i)
j

)

����' � � ��� �
i = i+1 �� ( �& � �� � %&$)�� � " !
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LU
��
 �
� ���

� ����� ��)  �� �)� ��$� ���)%&��(���� ��� Ax = b
� )�

A ∈ R
n×n �� b ∈ R

n ! � �$%& L �� U
��)��  )� ��$�%& �

����� � $�)�%��� �� �	$�� �)� �$ LU
� �$ ��(��(  �$ � ��$)�

A ( �( ���� ! �� ( ����

A+δA = P T
LU.

�� � �& �� �)� �� � ��$���� �	$ x(0) ∈ R
n �� ���� �

i = 0!� "� # �$�%&� �  �� ��� ) ���

r(i) = b−Ax(i).

�' � 
���  �� ���)%&��(���� ��� Aδx(i) = r(i) ��& ��$��(�� �)�� ( ����

Ly = Pr(i) �� Uδx(i) = y.

�� � � ��� �
x(i+1) = x(i) + δx(i) � i = i + 1 �� ( �& � ��� %&$)�� � " !
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LDLT
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 �
� ���

� ����� )� �  �� �)� ��$� ���)%&��(���� ��� Ax = b
� )�

 �$ ���� ��$)�%& �� � ��$)� A∈R
n×n �� b∈R

n ! � �$%&
L �� D

��)��  )� ��$�%&� ���� ��� �	$�� �)� �$ LDLT
�

 �$ ��(��(  �$ � ��$)� A ( �( ���� ! �� ( ����

A+δA = LDL
T .

�� � �& �� �)� �� � ��$���� �	$ x(0) ∈ R
n �� ���� �

i = 0!# �$�%&� �  �� ��� ) ���

r(i) = b−Ax(i).

� "� 
���  �� ���)%&��(���� ��� Aδx(i) = r(i) ��& ��$��(�� �)�� ( ����

Ly = r(i) �� L
Tδx(i) = D

−1y.

�' � � ��� �
x(i+1) = x(i) + δx(i) � i = i + 1 �� ( �& � ��� %&$)�� � " !
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 �
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� ����� )� �  �� �)� ��$� ���)%&��(���� ��� Ax = b
� )�

A ∈ R
n×n �� b ∈ R

n ! � �$%& Q �� R
��)��  )� ���

$�%&� ���� ��� �	$�� �)� �$ QR
� �$ ��(��(  �$ � ��$)� A

( �( ���� ! �� ( ����

A+δA = QR.

�� � �& �� �)� �� � ��$���� �	$ x(0) ∈ R
n �� ���� �

i = 0!� "� # �$�%&� �  �� ��� ) ���

r(i) = b−Ax(i).

�' � 
���  �� ���)%&��(���� ��� Aδx(i) = r(i) ��& ��$��(�� �)�� ( ����

y = QTr(i) �� Rδx(i) = y.

�� � � ��� �
x(i+1) = x(i) + δx(i) � i = i + 1 �� ( �& � ��� %&$)�� � " !
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� )� �)�

��$ ���� ��$)�%& �� � � 	� )�)�  �� �)��� � ��$)� A ∈ R
n×n !�� � �& �� �)� �� � ��$���� �	$ x(0) ∈ R

n !� "� # �$�%&� � r(0) = b−Ax(0) !� ��� �
h(0) = r(0) �� i = 0!�' � ��� �� h(i) = o

� �	�� ! x(i) )� �  )� ( ���%&�� 
����( !�� � # �$�%&� �

αi =
r(i)Tr(i)

h(i)TAh(i)
,

x(i+1) = x(i) +αih
(i),

r(i+1) = r(i)−αiAh(i),

βi =
r(i+1)Tr(i+1)

r(i)Tr(i)
,

h(i+1) = r(i+1) +βih
(i).

�� � � ��� �
i = i+1 �� ( �& � �� � %&$)�� �' !
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�)� �$ $�(� ��$�� � ��$)� A ∈ R
n×n !�� � �& �� �)� �� � ��$���� �	$ x(0) ∈ R

n !� "� # �$�%&� � r(0) = b−Ax(0) �� h(0) = ATr(0)� ��� �
i = 0!�' � ��� �� h(i) = o

� �	�� ! x(i) )� �  )� ( ���%&�� 
����( !�� � # �$�%&� �

αi =
r(i)Tr(i)

h(i)Th(i)
,

x(i+1) = x(i) +αih
(i),

r(i+1) = r(i)−αiAh(i),

βi =
r(i+1)Tr(i+1)

r(i)Tr(i)
,

h(i+1) = ATr(i+1) +βih
(i).
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�




� �������
�� ��� �� �� �� � �
 ��
� ����
 ��� 	�
 �

� ����� )� �  �� �)� ��$� ���)%&��(���� ��� Ax = b
� )� �)�

��$ ���� ��$)�%& �� � � 	� )�)�  �� �)��� � ��$)� A ∈ R
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LLT = A+δA
������� )� � !�� � �& �� �)� �� � ��$���� �	$ x(0) ∈ R

n !� "� # �$�%&� � r(0) = b−Ax(0) �� h(0) =
(

LLT
)−1

r(0) !� ��� �
i = 0!�' � ��� �� h(i) = o

� �	�� ! x(i) )� �  )� ( ���%&�� 
����( !�� � # �$�%&� �

αi =
r(i)T

(

LLT
)−1

r(i)

h(i)TAh(i)
,

x(i+1) = x(i) +αih
(i),

r(i+1) = r(i)−αiAh(i),

βi =
r(i+1)T

(

LLT
)−1

r(i+1)

r(i)T
(

LLT
)−1

r(i)

,
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h(i+1) =
(

LLT
)−1

r(i+1) +βih
(i).
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LU
� �$ ��(��( P TLU = A+δA

������� )� � !�� � �& �� �)� �� � ��$���� �	$ x(0) ∈ R
n !� "� # �$�%&� �

r(0) = b−Ax(0), h(0) =
(

UTU
)−1

ATP T
(

LLT
)−1

Pr(0).

� ��� �
i = 0!�' � ��� �� h(i) = o

� �	�� ! x(i) )� �  )� ( ���%&�� 
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αi =

(

Pr(i)
)T

(

LLT
)−1

(

Pr(i)
)

h(i)T
(

UTU
)

h(i)
,

x(i+1) = x(i) +αih
(i),

r(i+1) = r(i)−αiAh(i),
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βi =

(

Pr(i+1)
)T

(

LLT
)−1

(

Pr(i+1)
)

(

Pr(i)
)T

(

LLT
)−1

(

Pr(i)
)

,

h(i+1) =
(

UTU
)−1

ATP T
(

LLT
)−1

Pr(i+1)+βih
(i).
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